Scalar condensates with large expectation values can form in the early universe, for example, in theories with supersymmetry. The condensate can undergo fragmentation into Q-balls before decaying. If the Q-balls dominate the energy density for some period of time, statistical fluctuations in their number density can lead to formation of primordial black holes (PBH). In the case of supersymmetry the mass range is limited from above by 10 23 g. For a general charged scalar field, this robust mechanism can generate black holes over a much broader mass range, including the black holes with masses of 1-100 solar masses, which is relevant for LIGO observations of gravitational waves. Topological defects can lead to formation of PBH in a similar fashion.
I. INTRODUCTION
It is well established that stellar core collapse can lead to formation of black holes. However, it remains an open question whether some processes in the early universe could produce primordial black holes (PBH) [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . PBHs can account for all or part of dark matter [1] [2] [3] [4] [5] [6] [8] [9] [10] [11] [12] [13] [14] . Furthermore, they could be responsible for some of the gravitational wave signals observed by LIGO [15] , In addition, PBHs can invade and destroy neutron stars, ejecting neutron rich material in the process, which can account for for all or part of the r-process nucleosynthesis, as well as the 511-keV line in the galactic center [16] . Finally, PBHs could provide seeds for supermassive black holes [7] . A number of scenarios for black hole formation have been considered [5] , and many of them rely on a spectrum of primordial density perturbations that has some additional power on certain length scales, which can be accomplished by means of tuning an inflaton potential.
It was recently pointed out that PBHs can form in a very generic scenario, which does not require any particular spectrum of density perturbations from inflation [17] . Scalar fields with slowly growing potentials form a coherent condensate at the end of inflation [18] [19] [20] [21] . In general, the condensate is not stable, and it breaks up in lumps, which evolve into Q-balls [22] . The gas of Q-balls contains a relatively low number of lumps per horizon, and the mass contained in these lumps fluctuates significantly from place to place. This creates relatively large fluctuations of mass density in Q-balls across both subhorizon and superhorizon distances. Since the energy density of a gas of Q-balls redshifts as mass, it can come to dominate the energy density temporarily, until the Q-balls decay, returning the universe to a radiation dominated era. The growth of structure during the Q-ball dominated phase can lead to copious production of primordial black holes. In this paper we will investigate this scenario in further detail.
Formation of Q-balls requires nothing more than some scalar field with a relatively flat potential at the end of inflation. For example, supersymmetric theories predict the existence of scalar fields with flat potentials. PBH formation in supersymmetric theories is, therefore, likely, even if the scale of supersymmetry breaking exceeds the reach of existing colliders.
A similar process can occur with topological defects, which can also lead to relatively large inhomogeneities. The discussion of topological defects is complicated by their non-trivial evolution. We will focus primarily on Q-balls, and will briefly comment on topological defects.
The format of this paper is as follows: in Section II, we describe the fragmentation of the condensate and the production of Q-balls, then in Section III we derive the formalism for calculating the statistical moments of collections of Q-balls. In Section IV we use the results of the previous Section to calculate the expected PBH density and mass spectrum, and in Section V we account for the effects on cosmological thermal history and evolve the PBH distribution to the present day. In Section VI, we then compare our results with current observational constraints, and in Section VII explore the available parameter space. In Section VIII, we comment on the applicability of this mechanism to topological defects.
II. FORMATION OF Q-BALLS
Formation of a scalar condensate after inflation and its fragmentation [22] is a fairly generic phenomenon. While supersymmetry is a well-motivated theory for scalar fields carrying global charges and having flat potentials [20, 23] , our discussion can be easily generalized to an arbitrary scalar field with a global U(1) symmetry in the potential. Supersymmetric potentials generically contain flat directions that are lifted only by supersymmetry breaking terms. Some of the scalar fields that parameterize the flat directions carry a conserved U(1) quantum number, such as the baryon or lepton number. During inflation, these field develop a large vacuum expectation value (VEV) [18] [19] [20] [21] , leading to a large, nonzero global charge density. When inflation is over, the scalar condensate φ(t) = φ 0 (t) exp{iθ(t)} relaxes to the minimum of the potential by a coherent classical motion withθ = 0 due to the initial conditions and possible CP violation at a high scale.
The initially homogeneous condensate is unstable with respect to fragmentation into non-topological solitons, Qballs [24] . Q-balls exist in the spectrum of every supersymmetric generalization of the Standard Model [25, 26] , and they can be stable or long-lived along a flat direction [22, 27] . In the case of a relatively large charge density (which is necessary for Affleck-Dine baryogenesis [20, 23] ), the stability of Q-balls can be analyzed analytically [22, 28, 29] ; these results agree well with numerical simulations [30] . One finds that the almost homogeneous condensate develops an instability with wavenumbers in the range 0 < k < k max , where k max = ω 2 − V (φ 0 ), and ω =θ. The fastest growing modes of instability have a wavelength ∼ 10 −2±1 of the horizon size at the time of fragmentation, and they create isolated lumps of condensate which evolve into Q-balls. Numerical simulations [30, 31] indicate that most of the condensate ends up in lumps. However, since the mass of Q-balls is a non-linear function of the Q-ball size, Q-ball formation, in general, leads to a non-uniform distribution of energy density in the matter component represented by the scalar condensate. Q-balls can also form when the charge density is small or zero, in which case both positively and negatively charged Q-balls are produced [30] ; here we do not consider this possibility.
Depending on the potential, the Q-balls with a global charge Q have the following properties [22, 27, 32, 33] :
where Λ is the energy scale associated with the scalar potential, Q is the global U(1) charge and 0 < α < 1, 0 < β < 1 denotes which type of Q-ball is under consideration (and also depends on the form of the scalar potential). For "flat direction" (FD) Q-balls, α = 3/4 (β = 1/4), and for "curved direction" (CD) Q-balls, α = 1 (β = 1/3) [22, 27] .
III. Q-BALL CHARGE/MASS DISTRIBUTIONS
Numerical simulations of condensate fragmentation and Q-ball formation have been performed in the past, from which we are able to determine the resulting charge and mass distributions [31, 34] . These distributions appear to be very sensitive to initial conditions in the condensate, such as the ratio of energy to charge density (x = ρ/mq), and to the details of the scalar potential. In addition, the resultant charge distribution can be very non-Gaussian due to the high degree of nonlinearity and chaos in the fragmentation process.
It should be understood that the results of these sim- ulations are statistical in nature: a large number of Qballs are created within the simulation volume so that the charge distribution tends towards a statistical average. In reality, if one were to perform a large simulation and look at the charge distributions in a number of small sub-volumes, you will find a large degree of variation, with more variation on smaller scales due to small sample sizes (this is not to say that the variance will be larger, just that the differences between distributions are large), as can be seen in Fig. 1 . It is these large fluctuations relative to the mean that will be the source of density perturbations.
Once the resultant charge distribution of Q-balls f Q (Q) dQ has been calculated from these numerical simulations, we can use this to calculate the mass distribution for single Q-balls using M = Λ|Q| α (we will absorb all numerical factors into the definition of Λ without loss of generality):
It is important to note that a distribution well-localized in charge is also well-localized in mass. We can also use probability theory to calculate the mass of a collection of Q-balls. Under the assumption that a charge Q tot is distributed amongst N Q-balls whose distribution is described by f Q (Q), the probability distribution function (PDF) for the total mass of this collection of Q-balls is given by
where ψ admits a simple-looking Fourier transform in M and Q tot :
The power of α prevents analytic calculation of this PDF for all but the simplest charge distributions. Specifically, if we take the charge distribution to be a delta function:
, and Q 0 = Q tot /N to satisfy charge conservation (this constraint comes from a mathematical issue that arises due to the canceling of a delta function of the form δ(Q tot − N Q 0 )/δ(Q tot − N Q 0 ); we can see that if we consider δ(x) as the limit of a smooth function that approaches this distribution, then this ratio is unity pro-
For ease of computation, we will assume the delta function charge/mass distribution for the rest of this paper. This also has good theoretical motivation, as the Affleck-Dine baryogenesis scenario requires a large nonzero charge density, which tends to result in a highlylocalized charge distribution.
A. Single length scale
One should notice that the mass distribution function calculated earlier is also a function of both the total charge Q tot and the number of Q-balls N . During the chaotic fragmentation procedure, the number of Q-balls will fluctuate between horizons. So in order to get a full description of the fluctuations, we must supplement the mass distribution with a number distribution p(N ). This can be calculated from a simulation by simply counting the number of Q-balls within the simulation volume. Here, we will assume that the number of Q-balls per horizon N is described by a Poisson distribution, as is typical for a random process such as fragmentation:
where N f is the average number of Q-balls per horizon at fragmentation. We then combine Equations 4 and 7 to create a joint PDF which describes the distribution of mass M within a horizon composed of N Q-balls (we also set Q tot = Q f , the total charge on the horizon at t f ):
. This is manifestly normalized since
We can then use this to calculate statistical moments such as the average horizon mass, average horizon Q-ball number, RMS fluctuations, etc:
where
is the horizon mass of Q-balls at t f (the first relation is only approximate because N
, though the relative error scales as
B. Multiple length scales
The previous treatment has the shortcoming that it can only describe Q-ball distributions with spatial extent the size of the horizon at the time of fragmentation. We now generalize this to handle distributions on an arbitrary scale. First, when considering a physical volume V at the time of fragmentation, the charge contained within this volume (assuming initial uniformity of the condensate) is given by
f is the horizon volume at t f . Second, the number distribution is altered so that the number of Q-balls within volume V (assuming the same average number density n f = N f /V f across all scales) is described by
The joint PDF for a mass M composed of N Q-balls contained within a volume V at the time of fragmentation t f is then given by
Note that if V = V f , this reduces to the single-scale, horizon-size treatment.
In addition to being able to calculate quantities on each scale V individually, we will also want to sum the contributions from each scale in some cases (such as contribu-tions to the PBH density from both subhorizon and superhorizon modes). To do so, we will sum over all volume scales from V min to V max using a coarse-graining method. We consider an arbitrary function of volume g(V ). The sum of the contributions from each scale
where we have used Euler-Maclaurin to approximate the sum, and χ ∼ few is a parameter of the spacing between intervals of the coarse-graining procedure. We will take χ = e from now on for simplicity; another choice does not significantly affect the outcome provided it is not too close to unity. V min is the smallest volume under consideration; there will be a natural cutoff due to the fact that Q-balls have a finite size, and so this scale is generally defined as the volume which contains some number N min ∼ 10 Q-balls on average:
IV. Q-BALL AND PBH DENSITIES
Using the framework of Section III, we are now in a position to begin calculating the energy densities associated with the Q-balls, fluctuations in that energy density, and the resulting density of black holes.
A. Q-ball density at fragmentation
Using the formalism of Section III B, we can calculate the background energy density (over the largest scales) of Q-balls at t f :
which will be important in the discussion of density perturbations in Section IV. Since Q-balls are formed at rest, the evolution of the Q-ball density after fragmentation is simply that of decaying nonrelativistic matter
, where τ Q = 1/Γ Q is the lifetime of the Q-balls. Q-balls are generally considered stable with respect to decay into the quanta of the scalar field, but it is possible to decay through other processes. For example, if a coupling of the scalar field to a light fermion with mass m < ω exists, Q-balls can decay to these fermions through an evaporation process [35] [36] [37] . Q-balls can also decay if the U(1) symmetry is broken by some higher-dimension operators [32, 33, 38, 39] . We define Γ Q to include all such decay channels.
B. Q-ball density perturbations due to fluctuations
Due to the stochastic nature of the fragmentation process, volumes of space can arise within which the number density of Q-balls exceeds the average number density. Due to the nonlinear relationship between Q-ball mass and charge M = Λ|Q| α , this also gives rise to fluctuations in the energy density within that volume. The density contrast in Q-balls at fragmentation δ(t f ) for a volume V containing mass M is defined as
where in the last line we have used the argument of the delta function in Equation 12 to eliminate V (this will be justified by an integral over V later). Note that if the Q-ball mass-charge relationship were linear (α = 1), the perturbations would vanish identically. The subhorizon density perturbations (V < V f ) are frozen during the initial radiation dominated era, but they grow linearly in the scale factor during the Qball dominated epoch:
2/3 , where t Q is the beginning of the era of Qball domination. The structure growth generally goes nonlinear and decouples from the expansion around δ > δ c ∼ 1.7, at which point the overdense regions collapse and become gravitationally bound. However, some structures with δ < δ c can still collapse, and not all structures with δ > δ c are guaranteed to collapse into black holes. Due to nonsphericity of the gravitationally-bound structures, only a fraction β = γδ
(where γ ≈ 0.02 is a factor due to the nonsphericity,
is the horizon mass at the beginning of the Q-ball dominated era, and t R is the end of the Q-ball dominated era, when the radiation comes to dominate again) will actually collapse to black holes [9, 40, 41] by the end of the Q-ball dominated era. We assume that structures with δ ≥ δ c do not continue to grow past the point of nonlinearity, as they have already collapsed and had their chance to form a PBH; for these perturbations we set β = γδ
This refinement may not be necessary, as the average density perturbations are generally so small they never reach δ c , and indeed, changing the value of δ c does not seem to significantly alter the outcome.
Additional care must be taken to extend this to scales which enter the horizon at later times, and thus may not subject to the same amount of growth as subhorizon modes. Those that enter the horizon betweenzon modes. This includes all volumes V < V Q , where
3/2 is defined as the (initially superhorizon) physical volume at t f which enters the horizon at
. Fluctuations which enter the horizon during the Q-ball dominated epoch are treated slightly differently, as they are only subjected to amplification from the time they enter the horizon t h until the radiation comes to dominate again at t R . We can account for this by calculating t h for a given
, and then replacing the scale factor a R /a Q with a R /a(t h ) in the definition of β above. This treatment is valid for all scales between V Q < V < V R , where
is the physical volume at t f which enters the horizon at t R .
In addition to these details, we also enforce the constraint β ≤ 1 in order to prevent PBH production probabilities over unity, though this does not become relevant unless the Q-ball dominated era is extremely long.
C. Primordial black hole density
We are now in a position to calculate the average energy density in PBH created during the Q-ball dominated era. We do this by calculating the energy density of Qballs at t f that will eventually form black holes by t R by weighting the Q-ball energy density M/V by the collapse fraction/probability β evaluated at t R , summing over all scales V , and then redshifting this value appropriately. The expression for this procedure is given by
where it should be understood that the integral over V is broken up into two separate domains,
, where separate definitions of β apply, as described in Section IV B. Due to the complicated piecewise nature of the function β, the authors are unaware of any analytic solution, and further progress must be made numerically. We find that Equation 18 can be rewritten in such a way that it only depends on the dimensionless numbers N f , r f = t Q /t f , and r = t R /t Q . r f and r can be interpreted as measures of the duration of the era between the fragmentation and the beginning of Q-ball domination, and the length of the Q-ball dominated era, respectively. The effect of these parameters on the black hole density can be seen in Figure 2 . Larger r f will reduce the fraction of Q-ball energy that goes into making black holes due to the dilution of the number density and increased horizon mass at t Q due to the delay of the Q-ball dominated era. Larger r leads to an increased fraction of Q-ball energy that goes into black holes due to more amplification of the density perturbations, lead- . The thick black line is the unity bound where 100% of the Q-ball energy goes into creating black holes.
ing to a higher probability of PBH formation. Larger N f reduces the fraction because of higher suppression of fluctuations due to the Poisson statistics. The form of the contours in this plot suggest that this ratio roughly scales as ρ BH / ρ Q ∼ (4.6 × 10 −4 )r
D. Black hole mass spectrum
One can derive the mass spectrum of the black holes by not integrating over M in Equation 18 :
This yields the differential black hole energy density d ρ BH /dM . We find that the spectrum can be rewritten in terms of the parameter η = M/M f (fraction of horizon mass at t f ), along with the previously mentioned parameters r f = t Q /t f , r = t R /t Q , and N f . Calculation of this function can be done by evaluating Equation 19 at multiple values of η and then interpolating. An example is given in Figure 3 . First, it's obvious from the normalization of each curve that the lower the number of Q-balls per horizon, the more black holes that are created. This is expected, as the Poisson statistics suppress the density fluctuations for large Q-ball number. The normalization also increases with r, as explained in Figure 2 . Second, there is a hard lower cutoff in the PBH mass, which occurs at η = N min /N f , which is due to the lower cutoff in the volume mentioned earlier. Above that, the BH number sharply increases with a power law ∝ η 2.85±0.15 ; the extent of this region depends on the magnitude of r, with larger values leading to a larger range. We suspect that this is due to the fact that the small-scale density fluctuations have already reached their critical value δ c and can no longer continue growing, whereas the largescale fluctuations (which started out smaller) still have rf =10 1 , r=10 2 
10
- 10 The density of black holes at t R has been blueshifted back to t f for comparison with the initial Q-ball density. The integral of these curves over η is the fraction of energy in Q-balls that goes into black holes, as shown in Figure 2 . Notice that as r increases, the flat region shrinks. Parameters for the given spectra are shown in the lower left corner.
room to do so. Above that, the spectrum becomes approximately flat (∝ η −0.15 ), meaning that the number of black holes in each decade of mass are comparable. Of course, the upper end of this range dominates the energy density of the distribution. Then, at around M = M Q , there is a sharp transition and the slope becomes strongly negative (∝ η −4.5 ) due to the reduced growth the superhorizon modes are subject to. Then, there is an upper exponential cutoff at η ∼ 10 8 /N f due once again to the Poisson statistics (the cutoff appears to take precedence over previously mentioned transitions). 4 : Evolution of energy density over cosmological history. The evolution of three "species" is plotted: radiation ρ R (orange, long dash), Q-balls ρ Q (blue, short dash), and black holes ρ BH (black, solid). Inset in the upper right corner is a zoomed-in view of the Q-ball dominated era (t Q < t < t R ). The vertical axis is scaled by a factor of a 3 , so that the decay of the Q-balls is evident (non-decaying matter would be represented by a straight horizontal line). The parameters of this model are N f = 10 6 , t f = 9.7 × 10 −18 s, r f = 10, and r = 1.3 × 10 4 , which corresponds to production of PBH with peak mass of 4.4 × 10 20 g making up 100% of the dark matter.
V. COSMOLOGICAL HISTORY
We now give a detailed account of how the Q-balls, radiation, and black holes evolve throughout the history of the universe up until the present day, as seen in Figure  4 . In summary: we assume an initial period of inflation and reheating in order to create a radiation dominated era with a uniform charged scalar field as a subdominant component of the energy density. The scalar field fragments into Q-balls at t f , which then come to dominate the energy density at t Q . During the Q-ball dominated epoch, primordial black holes are produced, and at t R , their density is frozen in and evolves as nonrelativistic matter. After this initial matter dominated epoch, the Standard Model of cosmology resumes, and evolves through all the eras we are familiar with (BBN, matterradiation equality, etc.) up to the present day.
The functions used to model the energy density evolution for each species is summarized in Appendix A.
A. Initial radiation dominated era
After the end of inflation, the Universe enters a brief matter dominated era due to the coherent oscillations of the inflaton field. The decay of the quanta of this field at time t RH = Γ −1 I reheats the Universe, which enters a radiation dominated epoch with temperature T RH = 0.55g
1/2 and radiation energy density
where Γ I ∼ 1/t RH is the decay width of the inflaton oscillations. The radiation density redshifts as ρ R (t) = ρ R (t RH )(a RH /a) 4 = ρ R (t RH )(t RH /t) 2 during this epoch, which ends up canceling the factor of Γ I to give us
At some point t f , the scalar condensate fragments into Q-balls, resulting in an energy density given by Equation 16. The Q-balls then redshift as decaying nonrelativistic matter:
B. Q-ball dominated era
At some point t Q , the Q-balls come to dominate the energy density. This time is defined by ρ R (t Q ) = ρ Q (t Q ) , using the equations of the previous section. During this era, Q-ball decays begin to affect the radiation density, causing the radiation temperature to decrease less slowly than it normally would due to the expansion. Following the analysis of Scherrer and Turner [42] , the radiation density in this epoch due to the decay of the Q-balls can be modeled as
where x ≡ Γ Q t, x 0 = Γ Q t Q , and z = (x/x 0 ) 2/3 . The Q-balls continue to redshift and decay, leading to
As the Q-balls decay, eventually the radiation comes to dominate again at t R , defined by ρ R (t R ) = ρ Q (t R ) . Using Equations 21, 22, 24 and 25, this gives us the relation 
from which we can calculate all other quantities of inter-
f , etc.).
C. Standard cosmological era
After the Q-balls have decayed sufficiently, the universe returns to a radiation dominated era, and the standard cosmology begins. In order to evolve the radiation, Q-ball, and black hole densities to the present day, one would naïvely use a 1 /a 2 = (t 1 /t 2 ) n , where n =
) in a radiation (matter) dominated era, keeping in mind that the universe transitions between the two at z eq ≈ 3360, or t eq ≈ 4.7 × 10 4 yr. However, due to the extended era of matter domination, the time at which cosmological events (such as BBN, matter-radiation equality, or recombination) occur are not the same as in the standard cosmology. Instead, one must evolve according to the universe's thermal history, where cosmological events occur at specific temperatures. In this case, one must use
This has the advantage of accurately accounting for any deviation from cosmological history. We can then find the time at which some event X occurs by solv- 4 . In order to ensure that this early matter dominated era does not spoil the canonical cosmological thermal history, we enforce an additional constraint T R > T BBN ∼ MeV, so that the entropy injection from Q-ball decays does not interfere with nucleosynthesis.
VI. OBSERVATIONAL CONSTRAINTS
We now examine the observational constraints on primordial black holes and where our results fit in. The constraints come from a wide variety of sources, such as extragalactic gamma rays from evaporation [43, 44] , femtolensing of gamma ray bursts (GRB) [45] , capture by white dwarfs [46] , microlensing observations from HSC [47] , Kepler [48, 49] , and EROS/MACHO/OGLE [50] , measurements of distortion of the CMB [51, 52] , and bounds on the number density of compact X-ray objects [53] (constraints summarized in [6, 54, 55] ). The constraints are typically expressed in a form that assumes a monochromatic distribution of PBH masses. However, 
. This is a crude comparison, and to be rigorous one should use the procedure outlined by the use of Equation 29 . Parameters for the three curves are t f = 1.12 × 10 −17 s,
. Also shown is the boundary of the parameter range (dark green) above which PBH collisions with neutron stars can account for all r-process element production in the Milky Way [16] .
in the case of an extended mass distribution (such as we have in this scenario), care must be taken to apply the limits correctly. To do this, we follow the procedure outlined in [9, 55] , which amounts to dividing the mass spectrum into a number of bins (labeled by the index i), then integrating the dark matter fraction over the interval contained in the bin:
which is then compared with the constraints on a bin-bybin basis. We find that for sufficient choices of the parameters N f , t f , r f , and r, our model can produce black holes over practically the entire parameter space allowed by the constraints (see Fig. 5 ). Notably, this Figure illustrates two interesting points: 1) that this mechanism is capable of generating black holes which can account for both 100% of the dark matter in the region M ∼ 10 20 g and production or r-process elements [16] , and 2) it is also capable of generating black holes with sufficient mass to explain the recent LIGO observation GW150914 [56] . Some studies have even argued that PBH can account for 100% of the DM in this range by contesting the CMB constraints [15] . The three contours in Figure 5 are, however, simply chosen by hand for illustrative purposes, and are therefore not representative of the entire parameter space allowed to this mechanism, which is much wider 6 . Color gradient denotes the peak black hole mass M BH,peak (warmer colors denote higher masses), and the black contours are surfaces of constant f = Ω PBH /Ω DM . Different levels of cross-hatching between f contours indicate the range of maximum f values, with the densest corresponding to f ≥ 1 (highly correlated with M BH,peak = 10 20 g), the next dense 10 −1 < f < 1, and so on, down to f < 10 −3 . Pink shaded region to the bottom right is ruled out due to T R ≥ 1 MeV for that set of parameters. Jagged edges of the contours are likely due to shortcomings of the interpolation method.
than suggested by the given parameters.
VII. PARAMETER SPACE
We now explore the parameter space available to this mechanism in which it is possible to account for a considerable fraction of the dark matter while avoiding observational constraints. To do so, we develop an algorithm to accomplish this task in the following manner: since the function
is determined solely by the parameters r f and r, we generate a list of such functions by sampling the r −r f plane at various points. Then, for each (r, r f ) pair, we vary t f using a weighed bisection method until max(|1−f i /f con (M i )|) < = 10 −1 , with f i given by Equation 29 . This determines the value of t f which gives the maximum dark matter fraction allowed by the constraints for the given values of r and r f . Once that has been determined, we can calculate all other relevant quantities of interest, such as M BH,peak , T R , and the dark matter fraction f = Ω PBH /Ω DM . The results for N f = 10 6 are shown in Figure 6 .
We can see from this Figure that the contours of constant f are highly correlated with the values of M BH,peak . This is due to the fact that the observational constraints are solely a function of M , and the calculated spectrum f (M ) is quite sharply peaked at M BH,peak . The region of f ≥ 1 roughly follows the contour of M BH,peak = 10 20 g, where the constraints are weakest, due to this fact. The general tendency appears to be that for increasing r, the spectrum favors heavier black holes, while for increasing r f , it favors lighter black holes. This is because the longer the period of structure formation, the more the large mass perturbations (which initially have small δ) grow, increasing the probability that they collapse to black holes, whereas the longer the period between fragmentation and Q-ball domination, the more the energy density of Q-balls is diluted, so that the value of t f has to be lower in order to achieve the same value of f that one would with smaller r f . The smaller t f , the smaller the horizon mass, and the smaller the PBH masses. This can be quantified, as the contours of constant f very roughly follow r 0.63 /r f ∼ const. However, at around r 3.2 × 10 5 , the character of the plot changes so that the spectrum appears to no longer depend on r, only on r f . This is likely due to the definition of β discussed in Section IV B, in which density perturbations are not allowed to grow past δ c , which makes it so that further increases in r have no effect on the spectrum. Further increases in r f , however, serve to further dilute the Q-ball density before structure formation can occur, lowering the necessary t f as mentioned above.
The pink region where T R > 1MeV is ruled out since in this region Q-ball decays begin to interfere with nucleosynthesis. We can see that it is correlated with high mass, as the later the fragmentation (meaning larger horizon mass), the less time there is for the Q-balls to dominate before the universe cools sufficiently enough that nucleosynthesis begins. One might notice that the mass of the black holes seen at LIGO in the GW150914 event lies beyond the range indicated in this Figure, but in Figure 5 we have plotted a contour that has M BH,peak ∼ 30 M . This is because the contour in Fig.  5 is for N f = 10 5 , whereas Fig. 6 has N f fixed at 10 6 . We can see in Fig. 3 that the density spectrum has a peak at higher masses for lower values of N f , so that the equivalent plot to Fig. 6 for N f < 10 6 would see the T R < 1 MeV constraint pushed to higher values of M BH,peak ; enough so that they could explain the 30 M black holes while avoiding the nucleosynthesis constraint.
VIII. TOPOLOGICAL DEFECTS
Topological defect formation can also lead to the production of PBHs if the topological defects come to dominate the energy density. The analysis is sufficiently different from that of Q-balls, primarily because typically only one defect per horizon is produced at the time of formation due to the Kibble mechanism [57] . However, the general mechanism remains the same: small number densities of defects lead to large fluctuations relative to the background density, these fluctuations become gravitationally bound and collapse to form black holes once the relic density has come to dominate, and the relics decay due to some instability (such as gravitational waves or decay to Nambu-Goldstone bosons in the case of cosmic strings). In order to accurately model production of PBHs from these defects, one should calculate the expected density perturbations on initially superhorizon scales, which only begin to grow once these scales pass back within the horizon and the defects come to dominate the universe's energy density.
Cosmic strings are probably the most likely candidate for primordial relics due to the fact that they are typically cosmologically safe, as the energy density in string loops is diluted during expansion at the same rate as radiation, a −4 [58, 59] . In contrast, the string "network" (i.e. infinitely long strings) energy density redshifts as a −2 so that they quickly come to dominate the universe's energy density. However, once long strings start intercommuting to produce loops, and these loops subsequently self-intersect to fragment into smaller loops, the string network approaches a scaling solution which leads to the a −4 dilution of string loops [60] . However, this scaling solution critically relies on the probability of string intercommutation being very close to unity so that the long strings can efficiently break into small loops. If this probability was sufficiently low, then the string density could redshift as a −2 or a −3 , survive until a matter/string dominated era, initiate structure formation, collapse to form PBHs, and then subsequently decay. As long as these conditions are satisfied, cosmic strings could act as a source of PBH. In addition, there exists a large class of solutions to the string equations of motion which never self-intersect [61] , making this scenario plausible.
IX. DISCUSSION
The mechanism we have discussed has a number of advantages over some other models. It is extremely effective in creating primordial black holes across a broad range of masses, and it does not require the tuning the inflaton potential [4, 8, 10, 11] . We did not have to make any ad-hoc assumptions regarding density fluctuations; the fluctuations are calculable from first principles.
The mechanism is also generally applicable to practically any complex scalar field with a conserved global charge and flat potential, so that the formation of PBH is now a general prediction of any theory containing such charged scalars. In particular, supersymmetric extensions to the Standard Model typically have such fields, making the production of primordial black holes a general prediction of such theories. For the case of supersymmetric Q-balls with the SUSY-breaking scale Λ SUSY > 10 TeV, the fragmentation time cannot be much longer than the Hubble time
−15 s, which corresponds to peak PBH masses of about 10 23 g (assuming N f ∼ 10 6 ). The solid black curve illustrated in Figure 5 satisfies this bound, thus primordial black holes from supersymmetric Q-balls can account for 100% of the dark matter.
Supersymmetric Q-balls themselves have been suggested as the source of dark matter in models where they are entirely stable [22, 25, 32, 33, 37] . However, the stability is model-dependent, and it only applies to Q-balls carrying baryonic charge (so-called B-balls), since those carrying leptonic charge (L-balls) would quickly evaporate to neutrinos [35] . In our scenario, a short evaporation timescale is precisely what is needed to end the early era of Q-ball domination before nucleosynthesis begins. The L-balls would then be composed of slepton fields which subsequently decay to neutrinos at an early time. Since neutrinos do not decouple from the plasma until just before nucleosynthesis (T few MeV), they thermalize quickly. If they decay early enough, it may even be possible to generate the baryon asymmetry through conversion of lepton number to baryon number via sphaleron processes during the electroweak phase transition [62] .
There are some remaining open questions, such as how well the assumption that all Q-balls within the volume V are the same charge models this scenario. Simulations show that for scalar condensates with a high ratio of charge density to energy density, this is a good prediction, as all the Q-balls formed from this initial condition typically have similar sizes. This is also theoretically understood for a scalar condensate with a sufficiently large charge density [22, 23, 28] . However, condensates with a large energy density and small charge density generally produce broad charge distributions, nearly symmetric about Q = 0, since the excess energy cannot be contained in Q-balls with the same sign of Q while also conserving charge. We suspect that in this scenario the production of PBH will be reduced, since the charge conservation does not play as significant a role. Loss of energy due to scalar radiation in the fragmentation process may still be able to produce energy density inhomogeneities, but this will require further study. In the same manner, the production of oscillons from the fragmentation of a real scalar field may be able to produce significant numbers of PBH as well.
One may also wonder what sort of mechanism is needed in order to ensure the Q-balls decay at the correct time. As an example, following the work of [33] , the lifetime of a Q-ball with initial charge Q 0 decaying to pseudo-Goldstone bosons through the effects of a charge-violating operator of the form V / Q (φ) = gφ n (φ * ) m /Λ n+m−4 * + c.c. is given by
where a = 1 4 (7 + 2(n + m − 2)),
Γ 0 = 112.7|g| 2 e −0.236(n+m) (n − m) 2 J nm Λ(Λ/Λ * ) 2(n+m)−8 ,
and J nm ∼ O(10 −7 −10 −6 ). For g ∼ 0.1, Λ * ∼ 10 16 GeV, and Λ ∼ 10 9 GeV, the lifetime of a Q-ball decaying through an operator with (n, m) = (2, 3) is about τ ∼ 10 −13 s, which is sufficient to explain the curve of Figure  4 (and satisfies the SUSY bound). Decay through these higher-dimension operators isn't the only way to induce the decay of Q-balls though; many other scenarios have been explored in the literature [32, 38, 39] .
This work also begs the question of what possible observables exist that could show the Q-ball clusters collapse to black holes. We assume that the collapse will produce a stochastic gravitational wave background [63] , which could be detected by future observatories (or put constraints on the model). Further evolution of the PBH population could see successive mergers, which in addition to creating another stochastic GW background [64] , could also alter the distribution of black hole masses (in addition to evaporation/accretion effects [65, 66] ). We propose to calculate the gravitational wave spectrum in a future publication.
X. CONCLUSION
In summary, we have shown that the number density fluctuations of a Q-ball population in the early universe can lead to production of primordial black holes with sufficient abundance to explain the dark matter. Scalar fields and Q-ball formation are general features of supersymmetric extensions to the Standard Model, which provides a good motivation for this mechanism. A similar mechanism using solitons, topological defects, or other compact objects associated with scalar fields in the early universe can also lead to a copious production of primordial black holes.
Radiation
e −(t−t f )/τ Q t eq < t < t 0 (A2)
Black holes
The black holes are created towards the end of the initial Q-ball dominated era, and their density at t R is given by Equation 18 : 
